Planning to explore the beginning of the Universe? A lightweight guide du routard for you.
Introduction
The purpose of these TASI lectures on Inflation is to introduce you to the currently preferred theory of the beginning of the universe: the theory of Inflation. This is one of the most fascinating theories in physics. Starting from the shortcomings of the standard big bang theory, we will see how a period of accelerated expansion solves these issues. We will then move on to explain how inflation can give such an accelerated expansion (lecture 1). We will then move on to what is the most striking prediction of inflation, which is the possibility that quantum fluctuations during this epoch are the source of the cosmological perturbations that seed galaxies and all structures in the universe (lecture 2). We will then try to generalize the concept of inflation to develop a more modern description of this theory. We will introduce the Effective Field Theory of Inflation. We will learn how to compute precisely the various cosmological observables, and how to simply get the physics out of the Lagrangians (lecture 3). Finally, in the last lecture (lecture 4), we will discuss one of the most important observational signatures of inflation: the possible non-Gaussianity of the primordial density perturbation. We will see how a detection of a deviation from gaussianity would let us learn about the inflationary Lagrangian and make the sky a huge particle detector. Time permitting, we will discuss one of the conceptually most beautiful regimes of inflation, the regime of eternal inflation, during which quantum effects become so large to change the asymptotics of the whole space-time.
Notation
2 Lecture 1
Intro on Inflation: how brave it was.
Notice that we will perform calculations more explicitly when they are less simple. So in this first lecture we will skip some passages. General homework of this class: fill in the gaps.
FRW cosmology
We begin by setting up the stage with some basic concepts in cosmology to highlight the shortcoming of the standard big bang picture. Some of this lecture has overlap with Prof. Bertshinder's lectures.
The region of universe that we see today seems to be well described by an homogenous and isotropic metric. The most general metric satisfying these symmetries can be put in the following form
We see that this metric represents a slicing of space-time with spatial slices Σ that are simply rescaled by the scale factor a as time goes on. If k = 0, we have a flat space, if k = +1, the space Σ describes the sphere, while if k = −1 we have an hyperbolic space. A fundamental quantity is of course the Hubble rate
which has units of inverse time. It is useful for us to put the metric (2) into the following form
where
χ plays the role of a radius. Let us now change coordinates in time (it is General Relativity at the end of the day!) to something called conform time
Now the FRW metric becomes
In these coordinates it is particular easy to see the casual structure of space. This is determined by how light propagates on null geodesic ds 2 = 0. Since the space is isotropic, geodesic solutions have constant θ and φ. In this case we have χ(τ ) = ±τ + const.
These geodesics move at 45 degree in the τ −χ plane, as they would in Monkowsky space. This is so because apart for the angular part, the metric in (7) is conformally flat: light propagates as in Minwkosky space in the coordinates τ − χ. Notice that this is not so if we had used t, the proper time for comoving (i.e. fixed FRW-slicing spatial coordinates) observers. figure
It is interesting to notice that is we declare that the universe started at some time t i , then there is a maximum amount of time for light to have travelled. A point sitting at the origin of space (remember that we are in a translation invariant space), by the time t could have sent a signal at most to a point at coordinate χ p given by
The difference is conformal time is equal to the maximum coordinate-separation a particle could have travelled. Notice that the geodesic distance on the spacial slice between two point one particle horizon apart is obtained by multiplying the coordinate distance with the scale factor:
The presence of an horizon for cosmologies that begin at some definite time will be crucial for the motivation of inflation. It will be interesting for us to notice that there is a different kind of horizon, called event horizon. If we suppose that time ends at some point t end (sometimes this t end can be taken to ∞), then there is a maximum coordinate separation between two points beyond which no signal can be sent from the first point to reach the second point by the time t end . This is called event horizon, and it is the kind of horizon associated to a Schwartshild black hole. From the same geodesic equation, we derive
Clearly, as τ → τ end , χ e → 0.
We have seen that the casual structure of space-time depends on when space-time started and ended, and also on the value of a(t) at the various times, as we have to do an integral. In order to understand how a(t) evolves with time, we need to use the equations that control the dynamics of the metric. These are the Einstein equations
These in principle 10 equations reduce for an FRW metric to just two. Indeed, by the symmetries of space-time, in FRW slicing, we must have
and the Einstein equations reduce to
The first equation is known as Friedamnn equation. These two equations can be combined to give the energy conservation equation (this follows from the Bianchi identity 0
This is a general-relativistic generalization of energy conservation. (Homework: make sense of it by considering dilution of energy.) By defining a constant equation of state w p = wρ ,
energy conservation gives
and
Notice that indeed ρ matter ∝ a −3 , ρ radiation ∝ a −4 . Notice also that is a is power low with t to an order one power, than H ∼ 1/t. That is, the proper time sets the scale of H at each time.
The standard big bang picture is the one in which it is hypothesized that the universe was always dominated by 'normal' matter, with w > 0. In order to see the shortcomings of this picture, it is useful to define the present energy fractions of the various constituents of the universe. If we have various components in the universe
We can define the present energy fraction of the various components by dividing each density by the 'critical density' ρ cr (the density that would be required to make the universe expand with rate H 0 without the help of anything else)
We also define
as a measure of the relative curvature contribution. By setting as it us usually done a(t 0 ) = a 0 = 1, we can recast the Friedmann equation in the following form
At present time we have i Ω i,0 + Ω k,0 = 1. One can define also time dependent energy fractions
Notice that ρ cr = 3M
2 Pl H 2 is indeed time dependent. The Friedmann equation becomes
Big Bang Shortcomings
We are now going to highlight some of the shortcoming of the big bang picture that appear if we assume that its history has always been dominated by some form of matter with w ≥ 0. We will see that upon this assumptions, we are led to very unusual initial conditions. Now, this leads us to a somewhat dangerous slope, which catches current physicists somewhat unprepared. Apart for cosmology, Physics is usually the science that predicts the evolution of a certain given initial state. No theory is general given for the initial state. Physicists claim that if you tell them on which state you are, they will tell you what will be your evolution (with some uncertainties). The big bang puzzles we are going to discover are about the very peculiar initial state the universe should have been at the beginning of the universe if 'normal' matter was always to dominate it. Of course, it would be nice to see that the state in which the universe happens to begin in is a natural state, in some not-well defined sense. Inflation was indeed motivated by providing an attractor towards those peculiar looking initial conditions 1 . We should keep in mind that there could be other reasons for selecting a peculiar initial state for the universe.
Flatness Problem
Let us look back at
and let us assume for simplicity that the expansion is dominated by some form of matter with equation of state equal to w. We have then a ∼ t 2 3(1+w) and we havė
If we assume that w > −1/3, then this shows that the solution Ω k = 0 is un unstable point.
If Ω k > 0 at some point, Ω k keeps growing. Viceversa, if Ω k < 0 at some point, it keeps decreasing. Of corse at most Ω k = ±1, in which case w → −1/3 if k < 0, or otherwise the universe collapses if k > 0. The surprising fact is that Ω k is now observed to be smaller than about 10 −2 : very close to zero. Given the content of matter of current universe, this mean that in the past it was even closer to zero. For example, at the BBN epoch, it has to be |Ω k | 10 −18 , at the Planck scale |Ω k | 10 −63 . In other words, since curvature redscifts as a −2 , it tends to dominate in the future with respect to other forms of matter (non relativistic matter redshifts as a −3 , radiation as a −4 ). So, if today curvature is not already dominating, it means that it was very very very negligible in the past. The value of Ω k at those early times represents a remarkable small number. Why at that epoch Ω k was so small?
Of course one solution could be that k = 0 in the initial state of the universe. It is unknown why the universe should choose such a precise statue initially, but it is nevertheless a possibility. A second alternative would be to change at some time the matter content of the universe, so that we are dominated by some matter content with w < −1/3. We will see that inflation provides this possibility in a very simple way 2 .
Horizon Problem
An even more dramatic shortcoming of the standard big bang picture is the horizon problem. Let us assume again that the universe is dominated by some form of matter with equation of state w. Let us compute the particle horizon:
We notice that if w > −1/3 ( notice, the same −1/3 as in the flatness problem), then in an expanding universe the horizon grows with time. This is very bad. It means that at every instant of time, new regions that had never been in causal contact before come into contact for the first time. This means that they should look like very different from one another (unless the universe did not decide to start in a homogenous state). But if we look around us, the universe seems to be homogenous on scales that came into causal contact only very recently. Well, maybe they simply equilibrate very fast? Even if this unlikely possibility were to be true, we can make the problem even sharper when we look at the CMB. In this case we can take a snapshot of casually disconnected regions (at the time at which they were still disconnected), and we see that they look like the same. This is the horizon problem. Notice that if w > −1/3 the particle horizon is dominated by late times, and so we can take a i 0 in its expression. In this way we have that the current physical horizon is
For this kind of cosmologies where w > −1/3 at all times, the Hubble length is of order of the horizon. This is what has led the community to often use the ill-fated name 'horizon' for 'Hubble'. 'Hubble is the horizon' is true only for standard cosmologies, it is not true in general. We will try to avoid calling Hubble as the horizon in all of these lectures, even though sometimes habit will take a toll. Let us look again at the CMB. Naive Horizon scale is one degree (l ∼ 200), and fluctuations are very small on larger scales. How was that possible?
Apart for postulating an ad hoc initial state, we would need also to include those perturbations in the initial state. this is getting crazy! (though possible) We will see that inflation will provide an attractive solution.
The problem of the CMB large scale fluctuations is a problem as hard as the horizon one. figure
Solving these problems: conditions
In order to solve these two problems, we need to have some form of energy with w < −1/3. We can say it somewhat differently, by noticing that in order for Ω k to decrease with time, since
we want an epoch of the universe in which aH increases with time. Equivalently, 1/(aH) decreases with time. 1/(aH) is sometimes called 'comoving Horizon', . . . a really bad name in my humble opinion. You can notice that since 1/H is the particle horizon in standard cosmologies, 1/(aH) identifies the comoving coordinate distance between two points one naiveHorizon apart. If this decreases with time, then one creates a separation between the true particle horizon, and the naive particle horizon. Two points that naively are separated by a 1/(aH) comoving distantce are no more separated by a particle horizon. Even more simply, the formula for the particle horizon reads
If (aH) −1 is large in the past, then the integral is dominated by the past, and the actual size of the horizon has nothing to do with present time quantities such as the Hubble scale at present. in standard cosmologies the opposite was happening: the integral was dominated by late times.
Let us formulate the condition for (aH) −1 to decrease with time in equivalent forms.
• Accelerate expansion: it looks like that this condition implies that the universe must be accelerating in that epoch:
• As we stressed, this should imply w < −1. Let us verify it. From Friedman equation
Inflation, in its most essential definition, is the postulation of a phase with w < −1/3 in the past of our universe 3 . Is it possible to see more physically what is going on? In a standard cosmology, the scale factor goes to zero at finite conformal time. For w > −1/3, we have that
implying the existence of a singularity a → 0, H → ∞ as τ → 0. This is the big bang moment in standard cosmology. This however implies that there is a beginning of time, and that the particle horizon is order τ . This is the source of the problems we discussed about.
However, if we have a phase in which w < −1/3, then the singularity in the past is pushed way further back, and the actual universe is much longer than what τ indicates. For example, for inflation H ∼ const. and a(τ ) = − 1 Hτ , with τ ∈ [−∞, τ end ], τ end ≤ 0. In general τ can be extended to negative times, in this way making the horizon much larger than 1/H. 
The theory of Inflation
Inflation is indeed a period of the history of the universe that is postulated to have happened before the standard big bang history. Direct observation of BBN products tell us that the universe was radiation dominated at t ∼ 1 − 100 sec, which strongly suggests that inflation had to happen at least earlier than this. More specifically, inflation is supposed to be a period dominated by a form of energy with w −1, or equivalently H const. How can this be achieved by some physical means?
Simplest example
The simplest example of a system capable of driving a period of inflation is a scalar field on top a rather flat potential. These kinds of models are called 'slow roll inflation' and were the ones initially discovered to drive inflation. Let us look at this figure
The scalar field plus gravity has the following action
The first term is the Einstein Hilbert term of GR. The second and third terms represent the action of a scalar field S φ . The idea of inflation is to fill a small region of the initial universe with an homogeneously distributed scalar field sitting on top of its potential V (φ).
Let us see what happens, by looking at the evolution of the space-time. We need the scalar field stress tensor:
For an homogenous field configuration, this leads to the following energy density and pressure
Therefore the equation of state is
We see that if the potential energy dominates over the kinetic energy, we havė
Notice that this means that
The equation of motion for the scalar field is
This equation of motion is the same as the one of a particle rolling down its potential. This particle is subject to friction though the Hφ term. Like for a particle trajectory, this means that the solution whereφ V φ /(3H) is an attractor 'slow-roll' solution if friction is large enough. Being on this trajectory requires
We have therefore found two 'slow roll parameters'.
The first parameters being much smaller than one means that we are on a background solution where the Hubble rate changes very slowly with time. The second parameter means that we are on an attractor solution (so that the actual solution does not depend much from the initial conditions), and also that this phase of accelerated expansion (w −1, a ∼ Exp(Ht)) will last for a long time. Indeed, one can cheek thaṫ
We will see that the smallness of η is really forced on us by the scale invariance of the cosmological perturbations.
Once we assume we are on the slow roll solution, then we can express them in terms of the potential terms. We have
On this solution we also havė
When does inflation end? By definition, inflation ends when w ceases to be close to −1. This means that
More concretely, we see that the field that starts on top of his potential will slowly roll down until two things will happen: Hubble will decrease, providing less friction, the potential will become too steep to guaranteed that the kinetic energy is negligible with respect to potential energy. We call the point in field space where this happens φ end . At that point, a period dominated by a form of energy with w > −1/3 is expected to begin. We will come back in a second on it. Duration of Inflation: For the moment, let us see how long inflation needs to last. The number of e-foldings of inflation is defined as the logarithm of the ratio of the scale factor at the end of inflation and at the beginning of inflation. For a generic initial point φ, we have
where in the third passage we have used that a ∼ e Ht , and in the last passage we have used the slow roll solutions.
The horizon and flatness problems are solved in inflation very simply. During inflation
So, if we start with Ω k ∼ 1 at the onset of inflation, and we wish to explain why Ω(a BBN ) ∼ 10 −18 , we need about 20 e-foldings of inflation. This is so because at the end of inflation we have
and this must be equal to curvature we expect at the beginning of the FRW phase (that we can assume to be equal to the end of inflation)
In this case however we would need the hot-big-bang period to be start after inflation directly with BBN-like temperatures. If the universe started at higher temperatures, say the GUT scale, we would need about 60 e-foldings of inflation. So, you see that the required number of e-foldings depends on the starting temperature of the universe, but we are in the realm of several tens. The horizon problem is solved by asking that the region we see in the CMB was well inside the horizon. Since the contribution to the particle horizon from the radiation and the matter dominated eras is too small to account for the isotropy of the CMB, we can can assume that the integral that defines the particle horizon is dominated by the period of inflation. If t L is the time of the last scattering surface, we have
where we have used that a(t) = a(t end )e H I (t end −t) . The particle horizon has to be bigger than the region that we can see now of the CMB. This is given by the angular diameter distance of the CMB last scattering surface. It is simply the physical distance between two points that now are one Hubble radios far apart, at the time t L :
To solve the horizon problem we need
This is the same number as we need to solve the flatness problem, so we find the same number of e-foldings is needed to solve the horizon problem as are necessary to solve the flatness problems. figure
Reheating
But we still miss a pice of the story. How inflation ends. So far, we have simply seen that as ∼ 1 the accelerated phase stops. At this point, typically the inflaton begins to oscillate around the bottom of the potential. In this regime it drives the universe as if it were dominated by non-relativistic matter. The equation for the inflation indeed reads
Homework: derive this expression. For Γ = 0, this is the dilution equation for nonrelativistic matter. Γ represents the inflation decay rate. Indeed, in this period of time the inflation is supposed to decay into other particles. These thermalize and, once the inflation has decayed enough, start dominating the universe. This is the start of the standard big-bang universe.
Simplest Models of Inflation 2.5.1 Large Field Inflation
The simplest versions of inflation are based on scalar fields slowly rolling down their potential. These typically fall into two categories: large fields and small fields. Large field models are those characterized by a potential of the form
figure For any M and α, if we put the scalar field high enough, we can have an inflationary solution. Let us see how this happens by imposing the slow roll conditions.
For α ∼ 1, we have
The field dev has to be super planckian. Further, notice that the field travels an amount of order
For ∼ 1/N e and not too small, the field excursion is of order M Pl . This is a pretty large field excursion (this explains the name large field models). But notice that in principle there is absolutely nothing bad about this. The energy density is of the field is of order
α M 4 and needs to be smaller than M 4 Pl for us to be able to trust general relativity and the semiclassical description of space-time. This is realized once M M Pl (for α = 4 we have V = λφ 4 and we simply require λ 1). So far so good from the field theory point of view. Now, ideally some of us would like to embed inflationary theories in UV complete theories of gravity such as string theory. In this case the UV complete model need to be able to control all M Pl suppressed operators. This is possible, though sometimes challenging, depending on the scenario considered. This is a lively line of research.
Small Field Inflation
From (60) we see that if we wish to have a ∆φ M Pl , we need to have very very small. This is possible to achieve in models of the form
that becomes smaller and smaller as we send φ → 0. Of course, we need to guarantee a long enough duration of inflation, which means that φ ∼ ∆φ ∼ 1/2 M Pl N e . Both conditions are satisfied by taking M M Pl N e .
Generalizations
Over the thirty years since the discovery of the first inflationary models, there have been a very large number of generalizations. From fields with a non-trivial kinetic terms, such as DBI inflation and Ghost Inflation, to theories with multiple fields or with dissipative effects. We will come back to these models later, when we will offer a unified description.
Summary of lecture 1
• Standard Big Bang Cosmology has an horizon and a flatness problem. Plus, who created the density fluctuations in the CMB?
• A period of early acceleration solve the problems
• Inflation, here for the moment presented in the simplest form of a scalar field rolling downs a flat potential, solves them.
Lecture 2: Generation of density perturbations
This is the most exciting, fascinating and predicting part. It is the most predicting part, because we will see that this is what makes inflation predictive. While the former cosmological shortcomings that we saw so far were what motivated scientists such as Guth to look for inflation, cosmological perturbations became part of the story well after inflation was formulated. The fact that inflation could source primordial perturbations was indeed realized only shortly after the formulation of inflation. At that time, CMB perturbations were not yet observed, but the fact that we observed galaxies today, and the fact that matter grows as δ ∝ a in a matter dominated universe predicted that some perturbations had to exist on the CMB. The way inflation produces these perturbations is both exciting and beautiful. It is simply beautiful because it shows that quantum effects, that are usually relegated to the hardly experiencable world of the small distances, can be exponentiated in the peculiar inflationary space-time to become actually the source of all the cosmological perturbations, and ultimately of the galaxies and of all the structures that are present in our universe. With inflation, quantum effects are at the basis of the formation of the largest structures in the universe. This part is also when inflation becomes more intellectually exciting. We will see that there is a very interesting quantum field theory that happens when we put some field theory in a accelerating space-time. And this is not just for fun, it makes predictions that we are actually testing right now in the universe! The calculation of the primordial density perturbations can be quite complicated. Historically, it has taken some time to outstrip the description of all the irrelevant parts and make the story simple. This is typical of all part of science and of all discoveries. Therefore, I will give you what I consider the simplest and most elegant derivation. Even with this, the calculation is quite complicated. Therefore we will first see how we can estimate the most important characteristics of the perturbations without doing any calculations. Only later, we will do the rigorous, and now simple, calculation 4 .
Simple Derivation: real space
In this simple derivation we will drop all numerical factors. We will concentrate on the physics Homework for you: derive all numerical factors.. Let us expand the field around the background solution. Since the world is quantum mechanical, if the lowest energy state is not an eigenstate of the field operatorφ|0 = φ|0 , then
Notice that if we change coordinates
δφ does not transform as a scalar, it shifts under time diffeomorphisms (diffs.). The actual definition of δφ depends on the coordinates chosen. This has been the problem that has terrified the community for a long time, and made the treatment of perturbations in inflation very complicated 5 . Instead, we will simply ignore this subtlety, as it is highly irrelevant. Indeed, we are talking about a scalar field, very much like the Higgs field. When we study the Higgs field we do not bother about specifying the coordinates.
figure So why we should do it now? We do not even bother of writing down the metric perturbations, so why we should do it now? Let us therefore proceed, and expand the action for the scalar field at quadratic order in an unperturbed FRW metric:
Notice that the term linear in δφ is called the tadpole term, and if we expand around the solution of the background equations δS/δφ| 0 = 0 it vanishes. We have used that √ −g = a 3 = e 3Ht . The action contains simply a kinetic term for the inflation. The potential terms are very small, because the potential is very flat, so that we can neglect it.
figure on length scales
• Let us concentrate on very small wavelengths (high-frequencies). ω H. ∆ x H −1 . In that regime, we can clearly neglect the expansion of the universe, as we do when we do LHC physics (this is nothing but the equivalence principle at work: at distances much shorter than the curvature of the universe we live in flat space). We are like in Minkowski space, and therefore
just by dimensional analysis. Since there is no length scale or mass scale in the Lagrangian (remember that H is negligible), then the only length in the system is ∆ x. We have
Notice that the two point function decreases as we increase the distance between the two points: this is why usually quantum mechanics is segregated to small distances.
• But the universe is slowly expanding, so the physical distance between to comoving points grows (slowly) with a:
• Since H is constant (it would be enough for the universe to be accelerating), at some point we will have
and keeps growing. At this point, the Hubble expansion is clearly not a slow time scale for the system, it is actually very important. In particular, if two points are one Hubble far apart, then we have
Notice that this is not in contradiction with the principle of relativity: the two points simply stop communicating. But then gradients are irrelevant, and the value of φ and x should be unaffected by the value of φ at x . Since any value of δφ is as good as the others (if you look at the action, there is no potential term that gives difference in energy to different values of δφ). Because of this, the two point function stops decreasing and becomes constant
So, we see that the two point function stops decreasing and as ∆ x becomes larger than H −1 , and it remains basically constant of order H 2 . This means that there is no scale in the two point functions, once the distance is larger than H −1 . An example of a scale dependent two point function that we could have found would be: δφ( x, t)δφ( x , t) ∼ H 2 x. This does not happen, and we have a scale invariant spectrum.
Simple Derivation: Fourier space
Let us see at the same derivation, working this time in Fourier space. The action reads
• Each Fourier mode evolves independently. This is a quadratic Lagrangian!
• Each Fourier mode represents an quantum mechanical harmonic oscillator (apart for the overall factor of a 3 ), with a time-dependent frequency
The canonically normalized harmonic oscillator is δφ can ∼ a −3/2 δφ
• Let us focus on one Fourier mode. At sufficiently early times, we have
In this regime, as before, we can neglect the expansion of the universe and therefore any time dependence. Then we are as if we were in Minkowski space, and therefore we must have, for a canonically normalized scalar field (i.e. harmonic oscillator)
• While ω H, ω slowly decreases with timeω/ω ∼ H ω, so the two point function follows adiabatially the value on the vacuum. This happens until ω ∼ H and ultimately ω H. At this transition, called freeze-out, the adiabatic approximation breaks down. What happens is that no more evolution is possible, because the two points are further away than an Hubble scale, and so they are beyond the event horizon. Equivalently the harmonic oscillator now has an overdamping friction termδφ k + 3Hδ φ k = 0. Since this happen when
By substituting in the two point function, we obtain
This is how a scale invariant two-point function spectrum looks like in Fourier space. It is so because in Fourier space the phase space goes as d 3 k ∼ k 3 , so, if the power spectrum goes as 1/k 3 , we have that each logarithm interval in k-space contributes equally to the two-point function in real space. In formulae
This is simply beautiful, at least in my opinion. In Minkowski space quantum mechanics is segregated to small distances because
In an inflationary space-time (it looks like a de Sitter space, but, contrary to de Sitter space, it ends), we have that on very large distances
At a given large distance, quantum effects are on large scales much larger than what they would have naively been in Minkowski space, and this by a huge amount once we consider that in inflation scales are stretched out of the horizon by a factor of order e 60 . Since we are all physicists here, we can say that this is a remarkable story for the universe. Further, it tells us that trough this mechanisms, by exploring cosmological perturbations we are studying quantum mechanics, and so fundamental physics.
But still, we need to make contact with observations.
Contact with observation: Part 1
In the former subsection we have seen that the scalar field develops a large scale-invariant two-point function at scales longer than Hubble during inflation. How these become the density perturbations that we see in the CMB and that then grow to become the galaxies? Let us look at what happens during inflation. Let us take a box full of inflation up in the potential, and let inflation happen. In each point in space, the inflation will roll down the potential and inflation will end when the inflation at each location will reach a point φ( x, t end ) = φ end . We can therefore draw a surface of constant field φ = φ end . Reheating will start, and in every point in space reheating will happen in the same way: the only thing that changes between the various points is the value of the gradient of the fields, but for the modes we are interested in, these are much much longer than the horizon, and so gradients are negligible; also the velocity of the field matters, but since we are on an attractor solution, we have the same velocity everywhere. At this point there is no difference between the various points, and so reheating will happen in the same way in every location. In the approximation in which re-heating happens instantaneously, the surfaces φ = φ end are equal temperature surfaces (if reheating is not instantaneous, then the equal temperature surface will be displaced later, but nothing will change really), and so equal energy density surfaces. Now, is this surface an equal time surface? In the limit in which there no quantum fluctuations for the scalar field, it would be so, but quantum fluctuations make it perturbed. How a quantum fluctuation will affect the duration of inflation at each point? Well, a jump δφ will move the inflation towards or far away from the end of inflation. This means that the duration of inflation in a given location will be perturbed, and so the overall expansion of the universe when φ = φ end will be different. We therefore have a φ = φ end surface which locally looks like an unperturbed universe, the only difference is that the have a difference local scale factor 6 . These are the curvature perturbations that we call ζ. In formulas
So, the power spectrum of the curvature perturbation is given by
where in the second passage we have used the slow roll expressions. It is the time-delay, stupid! 7 . It is important to realize that the leading mechanism through which inflation generates perturbations is by the time delay induced by the inflation fluctuations, not by the fluctuations in energy during inflation. Let us be sure about this. In slow roll inflation the potential needs to be very flat, we can therefore work by expanding in the smallness of the slow roll parameters. How large are the metric perturbations? Well, the difference in energy associated to a jump of the inflation is about
This means that the curvature perturbation due to this effects has actually an upstairs, so, in the limit that is very small, this is a subleading contribution. Notice indeed that the time-delay effect has an downstairs: the flatter is the potential, the longer it takes to make-up for the loosed or gained φ-distance, and so the more δexpansion you get. This is ultimately the justification of why we could do the correct calculation without having to worry at all about metric perturbations.
ζ conservation for modes longer than the horizon
. Why we cared to compute the power spectrum of ζ ∼ δa/a? Why do we care of ζ and not of something else? The reason is that this is the quantity that it is conserved during all the history of the universe from when a given mode is becomes longer than H −1 , to when it becomes shorter the H −1 during the standard cosmology. This is very very important. We know virtually nothing about the history of the universe from when inflation ends to say BBN. In order to trust predictions of inflation, we need something to be constant during this epoch, so that we can connect to when we know something about the universe. Proving this constancy in a rigorous way requires some effort, and it is a current topic of research to prove that this conservation holds at quantum level. For the moment, it is easy to give an heuristic argument. The ζ fluctuation is defined as the component of the metric that represents the perturbation to the scale factor δa = a(1 + ζ). Let us consider the regime in which all modes are longer than the Hubble scale. The universe looks locally homogenous, with everywhere the same energy density, exactly the same universe, with the only difference that in each place the scale factor is valued a(1+ζ) instead of a. But remember that the metric, apart for tensor modes, is a constrained variable fully determined by the matter fluctuations. Since matter is locally unperturbed, how can it change in a time dependent way the evolution of the scale factor? Impossible. The scale factor will evolve as in an unperturbed universe, and therefore ζ will be constant in time. This will happen until gradients will become shorter than Hubble again, so that local dynamics will be able to feel that the universe is not really unperturbed, and so ζ will start evolving.
We should think that it is indeed ζ that sources directly the temperature perturbations we see in the CMB. We should think that P ζ ∼ 10 −10 .
Scale invariance and tilt
As we saw, the power spectrum of ζ is given by
This is a scale invariant power spectrum. The reason why it is scale invariant is because every Foureir mode sees exactly the same history: it starts shorter than H −1 , becomes longer than H −1 , and becomes constant. In the limit in which H andφ are constant (we are in an attractor solution, soφ is just a function of φ), then every Fourier mode sees the same history and so the power in each mode is the same. In reality, this is only an approximation. Notice that the value of H and ofφ depend slightly on the position of the scalar field. In order to account of this, the best approximation is to evaluate for each mode H andφ at the time when the mode crossed Hubble and became constant. This happens at the k-dependent t f.o. (k) freezing time defined by
This leads to a deviation from scale invariance of the power spectrum. Our improved version now reads
A measure of the scale dependence of the power spectrum is given by the tilt, defined such that the k-dependence of the power spectrum is approximate by the form
where k 0 is some pivot scale of reference. We therefore have
where we have used the fact that the solution is a function of k though the ratio k/a as this is the physical wavenumber. At this point we can use that
to obtain
The tilt of the power spectrum is of order of the slow roll parameters, as expected. How come we were able to compute the tilt of the power spectrum that is slow roll suppressed, though we neglected metric fluctuations, that are also slow roll suppressed? The reason is that the correction to the power spectrum due to the tilt become larger and larger as k becomes more and more different from k 0 . Metric fluctuations are expected to give a finite correction of order slow roll to the power spectrum, but not one that is enhanced by the difference of wave numbers considered. This is the same approximation we do in Quantum Field Theory when we use the running of the couplings (which is log enhanced), without bothering of the finite corrections.
Energy scale of Inflation
We can at this point begin to learn something about inflation. Remember that the power spectrum and its tilt are of order
with, for slow roll inflation
From observations of the CMB, we know that
Knowledge of these two numbers is not enough to reconstruct the energy scale of inflation. However, if we assume for the moment that η ∼ , a reasonable assumption that however it is sometimes violated (we could have η), then we get
These are remarkably large energy scales. This is the energy scale of GUT, not very distance from the Plank scale. Inflation is really beautiful. Not only it has made quantum fluctuations the origin of all the structures of the universe, but it is likely that these are generated by physics at very high energy scales. These are energy scales that unfortunately we will probably never be able to explore at particle accelerators. But these are energy scales that we really would like to be able to explore. We expect very interesting new physics to lie there: new particles, possibly GUT theories, and even maybe string theory. We now can explore them with cosmological observations!
Statistic of the fluctuations: Approximate Gaussianity
Let us go back to our action of the fluctuations of the scalar field. Let us write again the action in Foureir space, but this time it turns out to be simpler to work in a finite comoving box of volume V . We have
Notice that the mass dimensions of φ k is −2. To get the action, we need the following manipulation
The action therefore reads
Let us find the Hamiltonian. We need the momentum conjugate to φ k .
The Hamiltonian reads
If we concentrate on early times where the time dependence induced by Hubble expansion is negligible, we have, for each k mode, the same Hamiltonian as an Harmonic oscillator, which reads (again, remember that I am dropping all numerical factors)
We can therefore identify
The vacuum wave function for an harmonic oscillator is a Gaussian
which tells us that the vacuum wave function for each Fourier mode k reads
Since all Fourier mode evolve independently, for the set of Fourier modes that have k/a H, we can write
For each Fourier mode, at early time we have a Gaussian wave function with width V 1/2 /(k 1/2 a). Let us follow the evolution of the wave function with time. As discussed, at early times when k/a H, the wave functions follows adiabatically the wave function of the would be harmonic oscillator with those time dependent mass and frequency given by (103). However, as the frequency drops below the Hubble rate, the natural time scale of the harmonic oscillator becomes too slow to keep up with Hubble expansion. The state gets frozen on the parameters that it had when ω(t) ∼ H. Bu substituting k/a → H, a → k/H,the wave function at late times becomes
This is a Gaussian in field space. Its width is given by
We recover the same result of before for the power spectrum. We additionally see that the distribution of values of φ k are Gaussianly distributed. Notice that we are using a quite unusual base of the Hilbert space of a quantum field theory (more used when one talks about the path integral), which is to |φ base instead of the usual Fokker base with occupation numbers. This base is sometimes more useful, as we see here. So, we learn that the distribution is Gaussian. This result could have been expected. At the end, (so far!), we started with a quadratic Lagrangian, the field theory is free, and so equivalent to an harmonic oscillator, which, in its vacuum, is Gaussianly distributed. We will see in the last lecture that when we consider interacting field theories the distribution will not be Gaussian anymore! Indeed, the statement that cosmological perturbations are so far Gaussian simply means that the field theory describing inflation is a weakly coupled quantum field theory in its vacuum. We will come back to this.
Why does the universe looks classical?
So far we have seen that the cosmological fluctuations are produced by the quantum fluctuations of the inflation in its vacuum state. But then, why does the universe looks classical? The reason is the early vacuum state for each wave number becomes a very classical looking state at late times. Let us see how this happens.
The situation is very simple. We saw in the former subsection that the vacuum state at early times is the one of an harmonic oscillator with frequency k/a H. However the frequency is red shifting, and at some point it becomes too small to keep up with Hubble expansion. At that point, while the frequency goes to zero, the state remains trapped in the vacuum state of the would-be harmonic oscillator with frequency k/a ∼ H. The situation is very similar to what happens to the vacuum state of an harmonic oscillator when one opens up very abruptly the width of the potential well. This is an incredibly squeezed state with respect to the ground state of the harmonic oscillator with frequency ω ∼ e −60 H. This state is no more the vacuum state of the late time harmonic oscillator. It has a huge occupation number, and it looks classical. figure
Let us check that indeed that wave function is semiclassical. The typical condition to check if a wavefunction is well described by a semiclassical approximation is to check if the φ-length scale of over which the amplitude of the wavefunction changes is much longer than the φ-length scale over which the phase changes. To obtain the wavefunction at late times, we performed the sudden approximation of making the frequency instantaneously zero. This corresponds to make an expansion in k/(aH). In our calculation we obtained a real wavefunction (109). This means that the phase must have been higher order in k/(aH), in the sense that it should be much more squeezed that the width of the magnitude, much more certain: the time-dependent phase has decayed away. We therefore can write approximately
We obtain:
So we see that the semiclassicality condition is satisfied at late times.
Tensor
Before moving on, let us discuss briefly the generation of tensor modes. In order to do that, we need to discuss about the metric. (Remarkably, this is the first time we have to do that).
Helicity Decomposition of metric perturbations
A generically perturbed FRW metric can be put in the following form
For background space-times that have simple transformation rules under rotation (FRW for example is invariant), it is useful to decompose these perturbations according to their transformation properties under rotation under one axis. A perturbation of wavenumber k has elicit λ if under a rotation along thek of angle θ, transforms simply by multiplication by e iλθ :
δg → e iλθ δg
Scalars have helicity zero, vectors have helicity one, and tensors have helicity two. It is possible to decompose the various components of δg µν in the following way:
have helicity zero. We can then write
where ∂ iB V,i = 0. B S is a scalar, B V is a vector. Finally
, with ∂ iẼ i = 0
with
V is a vector, and γ is a tensor. Now, it is possible to show that at linear level, in a rotation invariant background, scalar, vector and tensor modes do not couple and evolve independently (you can try to contract the vectors together it does not work: you cannot make it).
Under a change of coordinate
these perturbations change according to the transformation law of the metric
The change of coordinates ξ µ can also be decomposed into a scalar and a vector component
At linear level, different helicity metric perturbations do not get mixed and they are transformed only by the change coordinates with the same helicity (for the same reasons as before). For this reasons, we see that tensor perturbations are invariant. They are gauge invariant. This is not so for scalar and vector perturbations. For example, scalar perturbations transform as the following
The fact that tensor modes are gauge invariant and uncoupled (at linear level!) means that we can write the metric for them as
and set to zero all other perturbations (including δφ). By expanding the action for the scalar field plus GR at quadratic order, one obtains an action of the form (actually only the GR part contributes, and the following action could just be guessed)
where in the last passage we have decomposed the generic tensor mode in the two possible polarization state
In matrix form, for a mode in thek =ẑ direction
We see that the action for each polarization is the same as for a normal scalar field, just with a different canonical normalization. The two polarization are also independent (of course), and therefore, without having to do any calculation, we obtain the power spectrum for gravity waves to be
Notice that the power spectrum depends only on one unknown quantity H. This means that if we detect gravitational waves from inflation, we could measure the energy scale of inflation. . . . Actually, this was a 'theorem' that was believed to hold until last september. At that time new mechanisms further than the vacuum fluctuations have been identified that could dominate the ones produced by vacuum fluctuations and that could be detectable.
By now we are expert: the tilt of gravity waves power spectrum is given by
as only the variation of H is involved. The measurement of this tilt would give us a measurement of . Again, until recently this was thought to be true, and unfortunately (and luckily) things have changed now, and the above formula for the tilt holds only for the simplest models of inflation.
Notice further that if we were to measure the amplitude of the gravitational waves and their tilt, then, under the hypothesis of standard slow roll inflation, we would know H and . In this same hypotenuses therefore we would therefore predict the size of the ζ power spectrum. If this would hold, we would discover that inflation happened in the slow roll inflation way. This is called consistency condition for slow roll single field inflation. Notice that, in standard slow roll inflation (this is true only for the simple inflationary scenarios), the power in gravity waves is smaller than the one in scalars by a factor of 1. This means that if gravity waves are detected, cannot be too small, and therefore the field excursion during inflation is over planckian: ∆φ M Pl . This is known as the lath's bound.
Summary of Lecture 2
• the quantum fluctuations of the scalar field naturally produce a scale invariant spectrum of perturbations
• they become curvature perturbations at the end of inflation
• they look like classical and (quasi) Guassian
• Quantum mechanical effects are at the source of the largest structures in the universe
• The Energy scale of inflation could be as high as the GUT scale, hopening the possiblity to explore the most fundamental laws of physics from the cosmological observations
• Tensor modes are also produced.
• Everything is derived without hard calculations Now we are ready to see how we check for this theory in the data.
Lecture 3: contact with observations
Absolutely, the best way we are testing inflation is by the observation of the cosmological perturbations You had already several classes on the evolution of perturbations in the universe and how they connect to observations. Here I will simply focus on the minimum amount of information that we need to establish what this observations are really telling us about Inflation. I will focus just on CMB, for brevity. The story is very similar also for large scale structures.
CMB basics
For a given perturbation δX(k, τ ) at a given time τ and with Fourier mode k, we can define its transfer function for the quantity X at that time τ and for the Fourier mode k as
This must be so in the linear approximation. We can take τ in early enough so that the mode k is smaller than aH, in this way ζ k (τ in ) represents the constant value ζ took at freeze out during inflation. For the CMB temperature, we perform a spherical harmonics decomposition
and the by statistical isotropy the power spectra reads
Since the temperature anisotropy are dominated by scalar fluctuations, we have
∆ l (k) contains both the effect of the transfer functions and also of the projection on the sky.
• large scales: If we look at very large scales, we find modes that were still outside H −1
at the time of recombination. Nothing could have happened to them.
figure on scales
As in Julien's class you have been told, there has been no evolution and only projection effects.
j 2 l (k(τ 0 − τ rec )) is sharply peaked at k(τ 0 − τ rec ) ∼ l, so we can approximately perform the integral, to obtain
⇒ l(l + 1)C l is flat .
• small scales. On short scales, mode entered inside H −1 and begun to feel both the gravitational attraction of denser zones, but also their pressure repulsion. This leads to oscillatory solutions.
δT + c 2 s ∇ 2 δT F gravity (ζ)
⇒ δT k A k cos(kη) + B k sin(kη) =Ã k cos(kη + φ k )
Here A k and B k depend on the initial conditions. In inflation, we havẽ
All the modes are in phase coherence. Notice, dynamics and wavenumber forces all mode of a fixed wavenumber to have the same frequency. However, they need not have necessarily the same phase. Inflation, or superHubble fluctuations, forces ζ =const on large scales, which implies φ k = 0. This is what leads to acoustic oscillations in the CMB
we get the acoustic oscillations.
figure on CMB oscillations figure on pahses This is the greatest verification of inflation so far. Acoustic oscillations told us that the horizon was much larger than H −1 at recombination and that there were constant superHubble perturbation before recombination. This is very very non-trivial prediction of inflation. Notice that scale invariance of the fluctuations was already observed in the sky (Harrison-Zeldovich spectrum) at the time of formulation of inflation, but nobody new of the acoustic oscillations at that time. Boomerang found them! This is a very important qualitative verification of inflation that we get form the CMB. But it is not a quantitative confirmation. Information on the quantitative part is very limited.
What did we verify of Inflation so far?
figure on CMB Let us give a critical look at what we learnt about inflation so far form the observational point of view.
There have been two qualitative theoretical predictions of inflation that have been verified so far. One is the oscillations in the CMB, the other is the curvature of the universe, of order Ω k ∼ 10 −2 . At the time inflation was formulated, Ω k could have been of order one. It is a natural prediction of inflation that lasts a little more than the necessary amount to have Ω k
1. But what did we learn at a quantitative level about inflation so far? Just two numbers, not so much in my opinion unfortunately. This is so because all the beautiful structures of the peaks in the CMB (and also in Large Scale Structures) is just controlled by well known Standard Model physics at 1 eV of energy. The input from inflation are the qualitative initial conditions for each mode, and quantitatively the power spectrum and its tilt 
just two numbers fit it tall. This is a pity, because clearly cosmological data have much more information inside them. Is it there something more to look for?
